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In this paper, we present the definition and the relative theorems of the biorthogonal radial
multiresolution in dimension three. Unlike the orthogonal case, there exist real-valued
dual radial scaling functionswith compact support in the biorthogonal case. The associated
Mallat algorithm can be simply performed in terms of classical biorthogonal filters.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Based on classicalmultiresolution analysis (MRA) in Euclidean spaceRn, wavelets have beendeveloped inmanybranches,
such as orthogonal wavelets, biorthogonal wavelets, frames, multi-wavelets, field wavelets, wavelets packages and lifting,
etc. The compact support, symmetry and high order vanishing moments of the wavelets are always expected to be good
and important properties. However in the orthonormal case, there do not exist real-value compactly supported scaling and
wavelet functions with symmetry or antisymmetry (excepted Haar basis) [2,4]. To recover the symmetry, many approaches
are put forward, such as biorthogonal wavelets, m-band wavelets and vector wavelets, etc.
For the analysis of the radially symmetric functions, the key is to exploit this symmetry in the construction of the
corresponding wavelet transforms in order to reduce the computational effort. The radial property would naturally occur
when separating variables in polar coordinates and treating the spherical and radial parts separately. There ismuch literature
dealing with multiresolution analysis on spheres, (see e.g. [1] and the references therein). The continuous radial wavelet
analysis has been established based on the convolution structure of the radial functions instead of the usual translation in
Rd (see e.g. [7,8,10]). Essentially the same concept is underlying the approach of Epperson and Frazier, where the radial
wavelet expansions inRd are constructed. Sampling lattices with spatial discretization are determined by the positive zeros
of the related Type-I Bessel functions [5]. The spatial lattice is equidistant only in the special cases d = 1 and d = 3.
There seems to be no general rigorous approach available for the construction of orthogonal radial wavelets in arbitrary
dimensions, although radial multiresolution analysis has been considered in some special cases. In [9], Holger Rauhut and
Margit Rösler construct radial multiresolution analysis and orthonormal radial wavelets inR3, which contains almost all the
results of the classical MRA. Additionally they present a concise characterization of the radial scaling function in terms of
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the even classical scaling function onR. In particular, it implies that there do not exist any real-valued compactly supported
orthonormal radial scaling function similar to the classical case. In this paper, we improve the above result to biorthogonal
radialmultiresolution. In the biorthogonal case, it is possible to obtain real-valued dual radial scaling functionswith compact
support. Radial filters and the Mallat algorithm could be represented by the classical biorthogonal filters, which is not
of concern in the orthogonal case in [9]. Furthermore as an example, the 9/7 biorthogonal radial wavelets with compact
support are shown.
This paper is organized as follows. In Section 2, we recall radial multiresolution analysis in R3 and some notations. In
Section 3, we present biorthogonal radial multiresolution analysis and establish its construction method from the classical
biorthogonal MRA. For example, we give the biorthogonal 9/7 radial scaling function and wavelets. Finally, the Mallat
decomposition and reconstruction algorithms are discussed, where radial filters are easily obtained from classical filters.
2. Radial multiresolution analysis
The group SO(d) denotes the set of rotations of d-dimension space. Suppose F ∈ L2(Rd) is radial, i.e. F(Ax) = F(x) a.e. for
all A ∈ SO(d). Then there is a unique f ∈ L2(R+, ωd/2−1) such that F(x) = f (|x|), where | · | denotes the Euclidean norm on
Rd. For α ≥ 0, the measure ωα on R+ = [0,∞) is defined by
dωα(r) = (2αΓ (α + 1))−1r2α+1dr.
It implies that ‖F‖2 = ‖f ‖2,ωd/2−1 , where ‖ · ‖2 is taken with respect to the normalized Lebesgue measure (2pi)−d/2dx onRd.
For f ∈ L2(Hα) := L2(R+, ωα), the Hankel transform is defined by
f̂ α(λ) =
∫ ∞
0
jα(λr)f (r)dωα(r),
where the normalized Bessel function jα(z) is
jα(z) = Γ (α + 1)(z/2)−α Jα(z), Jα(z) =
∞∑
n=0
(−1)n(z/2)2n+α
n!Γ (n+ α + 1) .
Plancherel Theorem of the Hankel transform holds, which states f 7→ f̂ α is a self-inverse and isometric isomorphism of
L2(Hα). If F ∈ L2(Rd) is radial with F(x) = f (|x|), then its Fourier transform is also radial with F (F)(ξ) = f̂ (d/2−1)(|ξ |). It is
due to the fact that
jd/2−1(|z|) =
∫
Sd−1
e−i〈z,ξ〉dσ(ξ),
where dσ denotes the spherical surface measure normalized according to dσ(Sd−1) = 1. In contrast, the usual group
translation x 7→ F(x + y), y ∈ Rd, will no longer be radial (apart from trivial cases). However, the translation on the
spherical means
MTrF(x) :=
∫
Sd−1
F(x+ rξ)dσ(ξ), r ∈ R+.
The translation of F are again radial. Moreover, ‖MTrF‖2 ≤ ‖F‖2. Thus MTr induces a norm-increasing linear mapping
Tr : L2(Hd/2−1) −→ L2(Hd/2−1) defined by
Tr f (|x|) := MTrF(x),
where f and F are defined as above. Let α = d/2− 1, then
Tr f (s) = Cα
∫ pi
0
f (
√
r2 + s2 − 2rs cosϕ) sin2α ϕdϕ, (1)
with Cα = Γ (α+1)Γ (α+1/2)Γ (1/2) . For α = d/2 − 1 or general α ≥ −1/2, it defines a norm-decreasing generalized translation on
L2(Hα), which is different from the classical case (see [6]).
The dilation operator Da in L2(Hα) is a linear operator defined by
Daf (r) := 1aα+1 f
( r
a
)
, a > 0.
Radial multiresolution analysis in R3 associated with the Bessel-Kingman hypergroup Hα with α = 1/2 has been
discussed in [9]. In this paper, we continue to use the notations in [9], i.e.
dω(r) := dω1/2(r) =
√
2
pi
r2dr, f̂ := f̂ 1/2, j(r) := j1/2(r) = sin(r)r .
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For the sake of simplicity, we write H instead of H1/2. In L2(H), the scalar product to the measure dω is denoted by 〈·, ·〉,
and the norm is denoted by ‖ · ‖2. Notice that the Bessel function j is even on R. Hence we assume the Hankel transform of
f ∈ L2(H) to be continued to an even function on R.
The Hankel transform and the generalized translation (1) on H can be written simply by
f̂ (λ) =
∫ ∞
0
j(λr)f (r)dω(r)
Tr f (s) = 12rs
∫ r+s
|r−s|
f (t)tdt.
Note
Mk := 21/4pi5/4k, sk(λ) :=
√
2 sin(kpiλ), T (k) := Tkpi , k ∈ N.
Then for f ∈ L2(H), we have
̂(MkT (k)f )(λ) =
(pi
2
)1/4 sk(λ)
λ
f̂ (λ), k ∈ N. (2)
Definition 2.1 (Radial Multiresolution Analysis (RMRA) [9]). A Radial multiresolution analysis for R3 is a sequence {Vj}j∈Z of
closed linear subspaces of L2(H) such that
(1) Vj ⊆ Vj+1, for all j ∈ Z;
(2)
⋂∞
j=−∞ Vj = {0};
(3)
⋃∞
j=−∞ Vj is dense in L2(H);
(4) f ∈ Vj if and only if f (2·) ∈ Vj+1;
(5) There exists a function φ ∈ L2(H) such that
Bφ := {MkT (k)φ : k ∈ N}
is a Riesz basis of V0, i.e. Vφ := span Bφ is dense in V0 and there exist constants A, B > 0 such that
A‖α‖22 ≤
∥∥∥∥∥∑
k=1
αkMkT (k)φ
∥∥∥∥∥
2
2
≤ B‖α‖22,
for all α = (αk)k∈N ∈ l2(N), here ‖α‖2 = (∑∞k=1 |αk|2)1/2.
If A = B = 1, it is called an orthonormal radial multiresolution analysis.
The functionφ is called a scaling function of the radialMRA {Vj}j∈Z. Comparedwith the classical case,φ itself is not contained
in V0 and V0 is not shift invariant, i.e. if f ∈ V0, T (k)f 6∈ V0 for all k.
For the odd, 2-periodic functions in L2[0, 1], we define
S := {α : R→ C|α|[0,1] ∈ L2[0, 1], α(−x) = −α(x), α(x+ 2) = α(x) for almost all x}.
Obviously S is a Hilbert space with norm ‖ · ‖L2[0,1]. Define
S0 := {α ∈ S : α(λ+ 1) = −α(λ) for almost all λ},
which is a closed subspace of S. Note
φj,k(r) := D2−j(MkT (k)φ)(r) = 8j/2Mk(T (k)φ)(2jr), j ∈ Z, k ∈ N.
Then 〈φj,k, φj,l〉 = 〈φ0,k, φ0,l〉0, for all k, l ∈ N. Thus {φj,k}k∈N form a Riesz basis of Vj, with the same Riesz constants A, B
as for j = 0. In particular, Vj = span{φj,k, k ∈ N}. Therefore, if Bφ = {φ0,k : k ∈ N} is an orthonormal basis of V0, then
{φj,k, k ∈ N} is an orthonormal basis of Vj.
3. Biorthogonal radial multiresolution analysis
3.1. Biorthogonal RMRA
Definition 3.1 (Biorthogonal RMRA). A biorthogonal RMRA for R3 is two sequences {Vj}j∈Z and {V˜j}j∈Z of closed linear
subspaces of L2(H) such that
(1) both {Vj}j∈Z and {V˜j}j∈Z are RMRA,φ ∈ L2(H) and φ˜ ∈ L2(H) are their scaling functions satisfying Riesz basis condition;
(2) φ and φ˜ satisfy the biorthogonal condition :
〈φj,k, φ˜j,k′〉 = δkk′ , for all k, k′ ∈ N, j ∈ Z. (3)
The functions φ and φ˜ are called dual scaling functions.
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Lemma 3.2. φ ∈ L2(H) and φ˜ ∈ L2(H) are biorthogonal if and only if
∞∑
n=−∞
φ(λ+ 2n)˜φ(λ+ 2n) = 1.
Proof. Due to the Plancherel Theorem of the Hankel transform and the formula (2), the biorthogonal condition can be
reduced to
δkk′ = 〈φj,k, φ˜j,k′〉 = 〈φ0,k, φ˜0,k′〉 = 〈̂φ0,k,̂˜φ0,k′〉
=
∫ ∞
0
(pi
2
)1/2 sk(λ)sk′(λ)
λ2
φ̂(λ)̂˜φ(λ)dω(λ)
= 1
2
∫ ∞
−∞
sk(λ)sk′(λ)̂φ(λ)̂˜φ(λ)dλ
= 1
2
∫ 1
−1
sk(λ)sk′(λ)
∞∑
n=−∞
φ̂(λ+ 2n)̂˜φ(λ+ 2n)dλ
=
∫ 1
0
sk(λ)sk′(λ)
∞∑
n=−∞
φ̂(λ+ 2n)̂˜φ(λ+ 2n)dλ.
{sk(λ) =
√
2 sin kpiλ}k∈N are 2-periodic orthonomal bases of L2[0, 1]. It implies
∞∑
n=−∞
φ̂(λ+ 2n)̂˜φ(λ+ 2n) = 1. 
As in [9], because of the nested property of {Vj}j∈Z in biorthogonal RMRA, there exist functions γ , γ˜ ∈ S such that
sin(2piλ)̂φ(2λ) = γ (λ)̂φ(λ), sin(2piλ)̂˜φ(2λ) = γ˜ (λ)̂˜φ(λ).
Moreover the two-scale relations are
φ−1,1 =
∞∑
k=1
hkφ0,k, φ˜−1,1 =
∞∑
k=1
h˜kφ˜0,k,
where (hk)k∈N and (h˜k)k∈N ∈ l2(N) are respectively the coefficients in the Fourier sine series of γ , γ˜ ∈ S, i.e.
γ = 1
2
∞∑
k=1
hksk, γ˜ = 12
∞∑
k=1
h˜ksk. (4)
Rewriting the two-scale relations by their Fourier transforms, we obtain
φ̂(2λ) = G(λ)̂φ(λ), ̂˜φ(2λ) = G˜(λ)̂˜φ(λ), (5)
with the filter functions G(λ) = γ (λ)sin(2piλ) , G˜(λ) = γ˜ (λ)sin(2piλ) .G and G˜ are obviously 2-periodic and even. They can be expanded
to a cosine series, i.e.
G(λ) = √2
∞∑
n=0
gn cos(npiλ), G˜(λ) =
√
2
∞∑
n=0
g˜n cos(npiλ). (6)
Lemma 3.3. Suppose that φ ∈ L2(H) and φ˜ ∈ L2(H) are dual scaling functions of the biorthogonal RMRA. Then the associated
filter functions G and G˜ satisfy
G(λ)˜G(λ)+ G(λ+ 1)˜G(λ+ 1) = 1, a.e. (7)
In addition φ, φ˜ ∈ L1(H), (7) holds pointwise and
G(0) = 1, G˜(0) = 1, G(1) = 0, G˜(1) = 0,
which imply
√
2
∞∑
n=0
gn = 1,
√
2
∞∑
n=0
g˜n = 1,
√
2
∞∑
n=0
(−1)ngn = 0,
√
2
∞∑
n=0
(−1)n˜gn = 0.
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Proof. By Lemma 3.2 and the two-scale relations (5), we have
1 =
∞∑
n=−∞
φ̂(λ+ 2n)̂˜φ(λ+ 2n)
=
∞∑
n=−∞
G(λ/2+ n)˜G(λ/2+ n)̂φ(λ/2+ n)̂˜φ(λ/2+ n)
= G(λ/2)˜G(λ/2)
∞∑
n=−∞
φ̂(λ/2+ 2n)̂˜φ(λ/2+ 2n)
+G(λ/2+ 1)˜G(λ/2+ 1)
∞∑
n=−∞
φ̂(λ/2+ 2n+ 1)̂˜φ(λ/2+ 2n+ 1)
= G(λ/2)˜G(λ/2)+ G(λ/2+ 1)˜G(λ/2+ 1), a.e.
Since φ is a scaling function of RMRA and there is φ ∈ L1(H), we have G(0) = 1. So does φ˜ have the same result G˜(0) = 1.
Furthermore by the formula (7), G(1) = 0 and G˜(1) = 0 hold. 
3.2. Biorthogonal radial wavelets
In this subsection, we construct the biorthogonal radial wavelets for a given biorthogonal RMRA. DefineW−1 := V0∩ V˜⊥−1
and W˜−1 := V˜0 ∩ V⊥−1.
Proposition 3.4. Let f ∈ L2(H), then
f ∈ W−1 ⇐⇒ f̂ (λ) = α(λ)
λ
G˜(λ+ 1)̂φ(λ), for some α ∈ S0.
f ∈ W˜−1 ⇐⇒ f̂ (λ) = β(λ)
λ
G(λ+ 1)̂˜φ(λ), for some β ∈ S0.
Proof. Since φ and φ˜ are the scaling functions of the RMRA, f ∈ V0 if and only if there exists some β ∈ S such that
f̂ (λ) = β(r)
r
φ̂(r).
Moreover h ∈ L2(H) is contained in V˜−1 if and only if there exists some β˜ ∈ S such that
h(λ) = β˜(2λ)
λ
̂˜φ(2λ) = β˜(2λ)
λ
G˜(λ)̂˜φ(λ).
Thus β ∈ S corresponds to f ∈ W−1 if and only if∫ ∞
0
β˜(2λ)
λ
G˜(λ)̂˜φ(λ)
β(λ)
λ
φ̂(λ)dω(λ) = 0, for all β˜ ∈ S.
Up to a constant factor, the integral on the left equals∫ ∞
−∞
β˜(2λ)β(λ) G˜(λ)̂˜φ(λ)̂φ(λ)dλ =
∑
n∈Z
∫ 1
0
β˜(2λ)β(λ+ 2n) G˜(λ+ 2n)̂˜φ(λ+ 2n)̂φ(λ+ 2n)dλ
+
∑
n∈Z
∫ 1
0
β˜(2λ)β(λ+ 2n+ 1)˜G(λ+ 2n+ 1)̂˜φ(λ+ 2n+ 1)̂φ(λ+ 2n+ 1)dλ
=
∫ 1
0
β˜(2λ)(β(λ)˜G(λ)+ β(λ+ 1)˜G(λ+ 1))dλ,
where the periodicity and symmetry properties of β, β˜,G and Lemma 3.2 are used. Since β˜ ∈ S is arbitrary, we conclude
that the vectors (β(λ), β(λ+ 1))T and (G(λ),G(λ+ 1))T must be orthogonal in C2 for almost all λ. It means that(
β(λ)
β(λ+ 1)
)
= α(λ)
(
G˜(λ+ 1)
−G˜(λ)
)
, (8)
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for some function α : [0, 1] −→ C. Notice the boundedness of G, α belongs to L2[0, 1]. Since β and G are 2-periodic on R, β
is odd and G is even. While an extension of α to Rmust be 2-periodic and odd, α ∈ S holds. Using the 2-periodicity of β and
G in the formula (8), we can deduce that β(λ) = −α(λ+ 1)˜G(λ+ 1). Therefore α(λ+ 1) = −α(λ) apart from the zero-set
of G˜(λ+ 1). Thus f̂ is the claimed form. Conversely, if α ∈ S0, β(λ) := α(λ)˜G(λ+ 1) ∈ S, then the formula (8) hold. 
Define ψ and ψ˜ by
ψ̂(2λ) = G˜(λ+ 1)̂φ(λ), ̂˜ψ(2λ) = G(λ+ 1)̂˜φ(λ).
We get the definition of the biorthogonal radial wavelets.
Definition 3.5. For j ∈ Z and k ∈ N, define the biorthogonal radial wavelets by
ψj,k(r) := D2−jψk(r) = 8j/2
M2k−1
2
T (2k−1)/2ψ(2jr),
ψ˜j,k(r) := D2−jψ˜k(r) = 8j/2
M2k−1
2
T (2k−1)/2ψ˜(2jr).
They satisfy the biorthogonal condition:
〈ψj,k, ψ˜j,k′〉 = δkk′ , for all k, k′ ∈ N, j ∈ Z.
By Proposition 3.4 and Lemma 3.3, we can obtain Theorem 3.6.
Theorem 3.6. (1) The set {ψj,k, k ∈ N} constitutes a Riesz basis of the space Wj := Vj+1 ∩ V˜⊥j , and the set {ψ˜j,k, k ∈ N}
constitutes a Riesz basis of the space W˜j := V˜j+1 ∩ V⊥j .
(2) The sets {ψj,k, k ∈ N}j∈Z and {ψ˜j,k, k ∈ N}j∈Z constitute biorthogonal wavelet basis of L2(H).
3.3. Construction of dual radial scaling functions and wavelets
By the construction of the orthonormal RMRA (see [9]), we can deduce the relationship between the biorthogonal RMRA
and the classical biorthogonal MRA.
Theorem 3.7. Suppose φR and φ˜R are classical dual scaling functions on R, which are even. Their classical Fourier transforms
F (φR) and F (˜φR) are continuous in 0 and satisfy F (φR),F (˜φR) ∈ L2(H). Define φ ∈ L2(H) and φ˜ ∈ L2(H) via their Hankel
transforms,
φ̂(λ) = √2piF (φR)(piλ), ̂˜φ(λ) = √2piF (˜φR)(piλ). (9)
Then φ and φ˜ are dual radial scaling functions.
Conversely, if φ and φ˜ are dual scaling functions of a biorthogonal RMRA such that φ̂ and ̂˜φ are continuous in 0, then the
functions φR and φ˜R defined by (9) are classical dual scaling functions on R, where φ̂ and ̂˜φ are extended to even functions on R.
From Theorem 3.7 and the two-scale relations of the biorthogonal classical and RMRA, the classical low pass filter
functions HR(λ) and H˜R(λ)must be even. In addition the filter functions satisfy
G(λ) = HR(piλ), G˜(λ) = H˜R(piλ). (10)
They are equal to
γ (λ) = HR(piλ) sin(2piλ), γ˜ (λ) = H˜R(piλ) sin(2piλ).
Suppose HR(λ) = hR0 + 2
∑∞
k=1 h
R
k cos(kλ), by the formulae (4) and (6), we can deduce
1
2
∞∑
k=1
hk
√
2 sin(kpiλ) = (hR0 + 2
∞∑
k=1
hRk cos(kpiλ)) sin(2piλ)
= (hR1 − hR3 ) sin(piλ)+
∞∑
k=2
(hRk−2 − hRk+2) sin(kpiλ),
√
2
∞∑
k=0
gk cos(kpiλ) = hR0 + 2
∞∑
k=1
hRk cos(kpiλ).
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Furthermore, the associated coefficients satisfy
h1 =
√
2(hR1 − hR3 ), hk =
√
2(hRk−2 − hRk+2), k ≥ 2, k ∈ N,
g0 = 1√
2
hR0 , gk =
√
2hRk , k ∈ N. (11)
While suppose H˜R(λ) = h˜R0 + 2
∑∞
k=1 h˜
R
k cos(kλ), we can obtain
h˜1 =
√
2(˜hR1 − h˜R3 ), h˜k =
√
2(˜hRk−2 − h˜Rk+2), k ≥ 2, k ∈ N,
g˜0 = 1√
2
h˜R0 , g˜k =
√
2˜hRk , k ∈ N. (12)
According to Theorem 3.7, if φ and φ˜ correspond to even classical dual scaling functions φR and φ˜R, then φ0,k = MkTkpiφ
and φ˜0,k = MkTkpi φ˜ can be expressed by
φ0,k = 1
(2pi)1/4x
(
φR
( x
pi
− k
)
− φR
( x
pi
+ k
))
, (13)
φ˜0,k = 1
(2pi)1/4x
(
φ˜R
( x
pi
− k
)
− φ˜R
( x
pi
+ k
))
, (14)
ψ0,k = 1
(2pi)1/4x
(
ψR
( x
pi
+ k
)
− ψR
( x
pi
− k+ 1
))
, (15)
ψ˜0,k = 1
(2pi)1/4x
(
ψ˜R
( x
pi
+ k
)
− ψ˜R
( x
pi
− k+ 1
))
. (16)
In fact, similar to the orthonormal RMRA, it is easy to get formulae (13) and (14). From construction of the classical
wavelet function with formulae (9) and (10), we can obtain
ψ̂(2λ) = G˜(λ+ 1)̂φ(λ) = √2pi H˜R(piλ+ pi)F φR(piλ)
= √2pi(−eipiλ)(−e−ipiλ)H˜R(piλ+ pi)F φR(piλ)
= √2pi(−eipiλ)F ψR(2piλ).
Then the translation of the wavelet function is
Trψ(s) = 1√
2pirs
(
ψR
(
r + s
pi
+ 1
2
)
− ψR
(
r − s
pi
+ 1
2
))
.
By Definition 3.5, it implies that the formulae (15) and (16) hold on.
We know there exist even real-valued compactly supported classical dual scaling functions [3]. So there also exist radial
dual scaling functions with the same properties. From this point, it improves the orthonormal RMRA. This result has certain
meaning in practice.
As an example, we consider the radial analogue of the 9/7 biorthogonal compactly supported wavelets. The associated
9/7 low-pass filters of the classical dual scaling functions (see [4]) are:
hR0 = 0.6029496; hR1 = 0.266864; hR2 = −0.078223; hR3 = −0.016864; hR4 = 0.026749;
h˜R0 = 0.5575435; h˜R1 = 0.295636; h˜R2 = −0.028772; h˜R3 = −0.045636.
Fig. 1 shows the Hankel transforms of the radial scaling andwavelet functions. Additionally from the formulae (13)–(16), the
translation of the dual scaling functions and dual wavelet functions are shown in Figs. 2–5. It is enough for the application.
In contrast to the classical MRA, the RMRA is not shift invariant. Though φ itself is not contained in V0 (neither to φ˜, ψ, ψ˜),
its shift {φ0,k}k∈N is in V0 and is the basis of V0.
3.4. Algorithm
In this subsection, the fast algorithm of the biorthogonal RMRA is provided. Let Pj be the projection operator onto the
scale space Vj defined by
Pjf =
∞∑
k=1
c(j)k φj,k =
∞∑
k=1
〈f , φ˜j,k〉φj,k,
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Fig. 1. The Hankel transforms of the 9/7 biorthogonal dual radial scaling funcitons and wavelet functions.
Fig. 2. The translation of φ: φ0,k, k = 1, . . . , 5.
where c(j)k := 〈f , φ˜j,k〉. Given a function f ∈ Vj in terms of its coefficients c(j)k , the decomposition algorithm is to decompose
f into Vj−1 andWj−1, i.e. to compute the coefficients c(j−1)k and d
(j−1)
k in the representation
f =
∞∑
k=1
c(j−1)k φj−1,k +
∞∑
k=1
d(j−1)k ψj−1,k =
∞∑
k=1
〈f , φ˜j−1,k〉φj−1,k +
∞∑
k=1
〈f , ψ˜j−1,k〉ψj−1,k,
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Fig. 3. The translation of φ˜: φ˜0,k, k = 1, . . . , 5.
Fig. 4. The translation of ψ: ψ0,k, k = 1, . . . , 5.
where d(j) := 〈f , ψ˜j,k〉, for j ∈ Z. The reconstruction algorithm is to determine the coefficients c(j)k from the coefficients c(j−1)k
and d(j−1)k , k ∈ N. The notation of q(k)l , r (k)l , q˜(k)l and r˜ (k)l are
q(k)l := 〈φ1,k, φ0,l〉 = 〈φj,k, φj−1,l〉, r (k)l := 〈φ1,k, ψ0,l〉 = 〈φj,k, ψj−1,l〉,
q˜(k)l := 〈φ˜1,k, φ˜0,l〉 = 〈φ˜j,k, φ˜j−1,l〉, r˜ (k)l := 〈φ˜1,k, ψ˜0,l〉 = 〈φ˜j,k, ψ˜j−1,l〉.
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Fig. 5. The translation of ψ˜: ψ˜0,k, k = 1, . . . , 5.
Using Hilbert space techniques, we can obtain the decomposition and the reconstruction formula formulae
c(j−1)l =
∞∑
k=1
c(j)k q˜
(k)
l , d
(j−1)
l =
∞∑
k=1
c(j)k r˜
(k)
l ,
c(j)k =
∞∑
l=1
c(j−1)l q
(k)
l +
∞∑
l=1
d(j−1)l r
(k)
l .
The coefficients q(k)l , r
(k)
l , q˜
(k)
l and r˜
(k)
l are determined by gn and g˜n in the cosine expansion of G and G˜. With the formulae
(11) and (12), the Mallat algorithm in biorthogonal RMRA can be performed. Theorem 3.8 shows that the new filters just
come from the classical biorthogonal MRA.
Theorem 3.8. For l, k ∈ N it holds
q(k)l =

√
2(hRk−2l − hR2l+k), for 2l < k,√
2(hR0 − hR4l), for 2l = k,√
2(hR2l−k − hR2l+k), for 2l > k.
q˜(k)l =

√
2(˜hRk−2l − h˜R2l+k), for 2l < k,√
2(˜hR0 − h˜R4l), for 2l = k,√
2(˜hR2l−k − h˜R2l+k), for 2l > k.
r (k)l =

√
2(−1)k−1(˜hRk−2l+1 − h˜Rk+2l−1), for 2l− 1 < k,√
2(˜hR0 − h˜R4l−2), for 2l− 1 = k,√
2(−1)k−1(˜hR2l−1−k − h˜R2l−1+k), for 2l− 1 > k.
r˜ (k)l =

√
2(−1)k−1(hRk−2l+1 − hRk+2l−1), for 2l− 1 < k,√
2(hR0 − hR4l−2), for 2l− 1 = k,√
2(−1)k−1(hR2l−1−k − hR2l−1+k), for 2l− 1 > k.
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